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 要  旨 
近年では精度保証付き数値計算と力学系を組み合わせた研究が盛んに行われてい
る．精度保証付き数値計算とは，計算と同時に誤差評価を行う，計算結果の正しさが
数学的に保証された数値計算法である．それゆえに純粋数学への応用も可能であり，
力学系における解析の非常に強力な道具となっている．活用例として，不安定多様体
やホモクリニック軌道といった時間無限大の極限を含む現象の解析や有限時間爆発
解の解析が挙げられる． 
上で挙げた例において，Lyapunov関数の局所的な構成が力学系における解析の重
要な道具の一つとなっている．その Lyapunov関数について，双曲型平衡点近傍では
2次形式の形で局所的に構成可能であり，また精度保証付き数値計算による体系的な
構成方法も知られている．しかしながら，非双曲型平衡点近傍では 2次形式の
Lyapunov関数は原理的に構成することができず，したがって精度保証付き数値計算
による局所 Lyapunov関数の体系的な構成方法は確立されていなかった．非双曲型平
衡点の近傍でも構成できれば，精度保証付き数値計算と力学系を組み合わせた研究の
さらなる発展が期待できる． 
本論文では 2次元の自励系における非双曲型平衡点のうち，標準形定理と呼ばれる
力学系の基礎的な理論を利用できる場合について，局所 Lyapunov関数を体系的に構
成する方法を開発した．また，本論文で構成された Lyapunov関数は 2次形式とは異
なる場合があるため，Lyapunov関数の定義域の新たな検証方法を開発した．さらに，
構成した Lyapunov関数を利用して，非双曲型平衡点から双曲型平衡点へのヘテロク
リニック軌道を捕捉し，Lyapunov関数の有効性を提示した．  
標準形定理とは力学系の基礎的な理論であり，数値的な手法として活用しやすい．それ
ゆえに，精度保証付き数値計算へのさらなる応用が見込まれる．将来的には，本論文で提
案する局所 Lyapunov関数の構成方法を発展させ，数式処理システムによる高次元の系で
の平衡点近傍における Lyapunov関数の自動構成，およびその Lyapunov関数を用いた平
衡点近傍の解析を行うライブラリを構成し，実際的な現象への力学系の応用のための道
具となることが期待できる． 
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2([9])
1. :
2. :
3. :
( )
Lyapunov
[9, 10]
2.1
X = [x, x] = {x ∈ R | x ≤ x ≤ x, x, x ∈ R} (2.1)
X IR
X ∈ IR (2.1) x x
X = [x, x], Y = [y, y]
X + Y = [x+ y, x+ y],
X − Y = [x− y, x− y],
X · Y = [min{xy, xy, xy, xy},max{xy, xy, xy, xy}],
X/Y = [x, x] · [1/y, 1/y]. (0 /∈ Y )
3 A,B,C
5
A · (B + C) ⊂ A ·B +A · C
X −X 6= [0, 0],
X/X 6= [1, 1]
Dependency Problem Wrapping Effect( W.E.)
Dependency Problem
W.E.
W.E.
W.E.
W.E.
2.2
[x] f f([x]) = {f(x) ∈ R |
x ∈ [x]} [f([x])] [x] xˆ xˆ
[x] f(x)
∀x ∈ [x], f(x) = f(xˆ+ (x− xˆ))
= f(xˆ) + (x− xˆ)f ′(xˆ+ θ(x− xˆ)) (0 < θ < 1)
xˆ+ θ(x− xˆ) ∈ [x] = [x, x],
x− xˆ ∈ [x]− xˆ = [x− xˆ, x− xˆ]
6
f([x]) ⊂ f(xˆ) + f ′([x])([x]− xˆ), xˆ ∈ [x]
[f([x])]
[f([x])] = f(xˆ) + [f ′([x])]([x]− xˆ), xˆ ∈ [x] (2.2)
f([x]) xˆ
[x] ⊂ Rn f ∈ Rn
2.3
( ODE-IVP ) [9]
2.3.1
ODE-IVP {
d
dt
u(t) = f(t,u) (0 < t < T )
u(0) = u0 ,u0 ∈ [u0]
u,u0, f ∈ Rn f [0, T ]×D,D ⊂ Rn t,u p
u0 [u0] ⊂ Rn
2.3.2
ODE-IVP
Brouwer✓ ✏
Ω n Rn f f : Ω → Ω
f f(x) = x x ∈ Ω
✒ ✑
Schauder✓ ✏
M Banach X T : M →M
T M
✒ ✑
T 2
(i) T
(ii) U T T (U)
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•
•
•
•
Schauder Brouwer
2.3.3
0 = t0 < t1 < · · · < tN−1 < tN = T
h = tj+1 − tj
[tj, tj+1] [u] ODE tj t
u
u(t) = uj +
∫ t
tj
f(τ,u(τ))dτ, tj < t < tj+1.
u F (u)
u = F (u)
F
[tj, tj+1] n
(C[tj, tj+1])
n f ∈ (C[tj , tj+1])n ||f ||
||f || := max
1≤i≤n
(
max
tj≤t≤tj+1
|fi(t)|
)
f ∈ (C[tj , tj+1])n Banach
[u] ⊂ (C[tj , tj+1])n
F ([u]) ⊂ [u]
Schauder [u] u = F (u)
[u] n α,β
[u] = {u ∈ (C[tj , tj+1])n|α ≤ u(t) ≤ β, ∀t ∈ [tj, tj+1]}
u(τ) ∈ [u] ∫ t
tj
f(τ,u(τ))dτ ∈ ∫ t
tj
f(τ, [u])dτ t
∫ t
tj
f(τ, [u])dτ ⊂
∫ t
tj
f(τ, [α,β])dτ
⊂
∫ t
tj
f([tj, tj+1], [α,β])dτ
= (t− tj)f([tj, tj+1], [α,β])
⊂ [0, h]f([tj, tj+1], [α,β])
8
Schauder
[uj] + [0, h]f([tj, tj+1], [α,β]) ⊂ [α,β] (2.3)
[u] = [α,β]
[u] tj uj (2.3)
[u]
1. (2.3) [v]
2. [v] ⊂ [u] [u] := [v]
3. [u] := (1 + ǫ)[v]− ǫ[v]
ǫ ǫ-inflation
[u] Taylor
2.3.4 Taylor
t = tj uj [uj] [tj, tj+1]
[u] Taylor t = tj+1 [uj+1]
uj+1 = u(tj + h) t = tj Taylor
uj+1 = u(tj) + u˙(tj)h+
1
2!
u¨(tj)h
2 + · · ·+ 1
(p− 1)!u
(p−1)(tj)h
p−1 +
1
p!
u(p)(tj + θh)h
p
(2.4)
u(p)(tj + θh)
u
(p)
θ (tj + θh) =


u
(p)
1 (tj + θ1h)
...
u
(p)
n (tj + θnh)

 , (0 < θj < 1, j = 1, 2, · · · , n)
u˙ =
du
dt
= f(tj,uj)
u¨ =
d
dt
f(tj,uj) =
∂f
∂t
+
∂f
∂u
du
dt
=
∂f
∂t
+
∂f
∂u
f(tj,uj)
f (1) = f
f (k+1) =
1
k + 1
(∂f (k)
∂t
+
∂f (k)
∂u
f
)
9
(2.4)
uj+1 = uj +
p−1∑
k=1
hkf (k)(tj ,uj) + h
pf (p)(tj + θh,u(tj + θh))
f (p)(tj + θh,u(tj + θh)) ∈ f (p)([tj, tj+1], [u]) [u]
[uj+1] = [uj ] +
p−1∑
k=1
hkf (k)(tj , [uj]) + h
pf (p)([tj, tj+1], [u]) (2.5)
(2.5) Dependency Problem QR
W.E. Lohner
[9] Lohner Taylor
W.E. affine arithmetic
[10, 11]
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3 Lyapunov
Lyapunov
Lyapunov
du
dt
= f(u), 0<t<∞, (3.1)
u ∈ Rn, f : Rn → Rn.
(3.1) u∗ f(u∗) = 0
Lyapunov Lyapunov
Lyapunov
3.3
3.1 Lyapunov
Lyapunov
([12, 13, 14])
1.✓ ✏
u∗ DL ⊂ Rn Lyapunov C1
L : DL → R
1. ∀u ∈ DL\{u∗}, ddtL(u) ≤ 0
2. L(u∗) = 0,
d
dtL(u
∗) = 0
3. ∀u ∈ DL\{u∗}, L(u) ≥ 0
Lyapunov L u∗ DL
( )Lyapunov
4. ∀u ∈ DL\{u∗}, ddtL(u) < 0
✒ ✑
Lyapunov Lyapunov
Lyapunov
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2.✓ ✏
u∗ DL ⊂ Rn Lyapunov C1
L : DL → R
1. ∀u ∈ DL\{u∗}, ddtL(u) < 0
2. L(u∗) = 0,
d
dtL(u
∗) = 0
✒ ✑
2 Lyapunov Lyapunov
Lyapunov
3.2 Lyapunov
(3.1) u∗ u∗ Lyapunov 2
([7, 8]) [7]
3.2.1 2
Lyapunov 2
1. u = u∗ f(u) Df∗
Λ λ1, · · · , λn X
Λ = X−1Df∗X
([15])
2. I∗ i1, i2, · · · , in ik(1 ≤ k ≤ n)
ik =
{
1, if Re(λk) < 0,
−1, if Re(λk) ≥ 0
Re(λk) = 0 3.4
Re(λk) = 0 ik *
1
3. Y
Yˆ = X−HI∗X−1
Y = Re(Yˆ )
*1 Re(λk) ≤ 0 ik = 1,Re(λk) > 0 ik = −1
12
X−H X
4. Lyapunov 2
L(u) = (u− u∗)TY (u− u∗) (3.2)
Y Y+Y
T
2
Y
3.2.2 L(u)
(3.2) Lyapunov
u(t) L(u(t)) t
d
dt
L(u) = f(u)TY (u− u∗) + (u− u∗)TY f(u) (3.3)
g(s) = f(u∗ + s(u− u∗)), s ∈ [0, 1]
d
ds
g = Df(u∗ + s(u− u∗))(u− u∗)
f(u∗) = 0
f(u) =
∫ 1
0
Df(u∗ + s(u− u∗))ds(u− u∗)
Df(u) f u L(u(t))
(3.3) 2
d
dt
L(u) = (u− u∗)T
∫ 1
0
(Df(u∗ + s(u− u∗))TY + Y Df(u∗ + s(u− u∗))ds(u− u∗)
z = u∗ + s(u− u∗) A(z)
A(z) := Df(z)TY + Y Df(z)
u∗ u z A(z) u
d
dtL(u)<0
u∗
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• u∗ ∈ DL
• u ∈ DL 0 ≤ s ≤ 1 u∗ + s(u− u∗) ∈ DL
z ∈ DL A(z) L(u) DL
Lyapunov
z u∗ A(z) 2
y = uTA(z)u u z y = uTA(u∗)u
u A(u∗)
H z 2 zTHz
zTHz = zTRe(H)z
(u− u∗)T ((Df∗)TY + Y Df∗)(u− u∗) = (u− u∗)T ((Df∗)T Yˆ + Yˆ Df∗)(u− u∗)
(3.4)
A(u∗) (Df∗)T Yˆ + Yˆ Df∗ Yˆ
Λ
(Df∗)T Yˆ + Yˆ Df∗ = (Df∗)HX−HI∗X−1 +X−HI∗X−1Df∗
= X−HΛHI∗X−1 +X−HI∗ΛX−1
= X−H(ΛHI∗ + I∗Λ)X−1
= X−H(2Re(Λ)I∗)X−1
= −2X−H |Re(Λ)|X−1 (3.5)
|Re(Λ)| Re(Λ)
(Df∗)T Yˆ + Yˆ Df∗ u∗
d
dt
L(u) < 0 (u 6= u∗),
d
dt
L(u∗) = 0
L(u) u∗ Lyapunov
3.2.3 Lyapunov
Lyapunov
u∗ DL Lyapunov
DL DL1
DL2 DL1, DL2
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Stage1. DL1
DL1 [u] A([u])
1. A([u])
2. A([u]) Aˆ Aˆ
Λ = X−1AˆX
X
3. X−1A([u])X [a]ij
4. i = 1, ...n
[a]ii +
∑
j 6=i
|[a]ij|<0
Stage2. DL2
d
dt
L(u) = f(u)TY (u− u∗) + (u− u∗)TY f(u)
DL Lyapunov DL Lyapunov
Stage1 L u∗
Lyapunov Stage2
2
3.3 Lyapunov
Lyapunov Lyapunov
([3, 13]) Lyapunov
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([4, 5]) ([6])
Lyapunov
Lyapunov
3.4
3.2 Lyapunov
(3.1) f u∗ Taylor
f(u) =


f1(u)
f2(u)
...
fn(u)


= Df∗(u− u∗) + 1
2


(u− u∗)TH∗(f1)(u− u∗)
(u− u∗)TH∗(f2)(u− u∗)
...
(u− u∗)TH∗(fn)(u− u∗)

+O(||u||3) (3.6)
H∗(fi)(1 ≤ i ≤ n) u∗ fi u =
(u1, u2, · · · , un)T
H∗(fi) =


∂2fi(u∗)
∂u21
· · · ∂2fi(u∗)
∂u1∂un
...
. . .
...
∂2fi(u∗)
∂un∂u1
· · · ∂2fi(u∗)
∂u2n


3.2.1 Lyapunov L :
L(u) = (u− u∗)TY (u− u∗)
L
d
dt
L(u) = f(u)TY (u− u∗) + (u− u∗)Y f(u)
Y
d
dt
L(u) = 2(u− u∗)TY f(u)
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(3.6)
d
dt
L(u) = 2(u− u∗)TY Df∗(u− u∗)
+(u− u∗)TY


(u− u∗)TH∗(f1)(u− u∗)
(u− u∗)TH∗(f2)(u− u∗)
...
(u− u∗)TH∗(fn)(u− u∗)

+O(||u||4) (3.7)
d
dt
L(u∗) = 0 L u∗ Lyapunov
u∗ U∗ε (u
∗) = {u | 0 < ||u − u∗|| ≤ ε} dL/dt < 0
u∗
(3.7) 2
DL2(u) := 2(u− u∗)TY Df∗(u− u∗)
(3.4),(3.5)
DL2(u) = 2(u− u∗)TY Df∗(u− u∗)
= (u− u∗)T ((Df∗)TY + Y Df∗)(u− u∗)
= −2X−H |Re(Λ)|X−1 (3.8)
Λ 0 (3.8)
u∗ Uδ(u
∗) = {u | ||u− u∗|| ≤ δ ≤ ε}
∀u ∈ Uδ, supDL2([u]) > 0 (3.9)
supDL2([u]) DL2(u)
(3.9)
(3.7) 3
DL3(u) := (u− u∗)TY


(u− u∗)TH∗(f1)(u− u∗)
(u− u∗)TH∗(f2)(u− u∗)
...
(u− u∗)TH∗(fn)(u− u∗)


V − = {u | DL3(u) < 0 ∧ u ∈ Uδ(u∗)\{u∗}} v−
v+ := 2u∗ − v−
DL3(v
+) = (−v− + u∗)TY


(−v− + u∗)TH∗(f1)(−v− + u∗)
(−v− + u∗)TH∗(f2)(−v− + u∗)
...
(−v− + u∗)TH∗(fn)(−v− + u∗)

 = −DL3(v−) > 0
17
v+ ∈ Uδ(u∗)\{u∗} V + = {u | DL3(u) > 0 ∧ u ∈
Uδ(u
∗)\{u∗}} (3.9) Uδ(u∗) V +
u∗ dL/dt < 0
3.2 Lyapunov
18
4 Lyapunov
2
Lyapunov
Lyapunov 3.2
Lyapunov 3.2
4.1
2
du
dt
= f(u), 0<t<∞, (4.1)
u ∈ R2, f : R2 → R2.
f(u) Cr(r ≥ 4) u∗, f(u∗) = 0,
(4.1) u∗
(4.1) u∗ f
Taylor
x˙ = Jx+ F (x), x ∈ R2, J : (4.2)
F f
Lyapunov (4.2)
(4.2) Lyapunov
4.2
Lyapunov
[16]
(4.2)
x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r) (4.3)
Fi(x)(2 ≤ i ≤ r − 1) F (x) Taylor i
x = y + h2(y) (4.4)
19
([17, 18])
h2(y) y 2 (4.4) (4.3)
x˙ = (I +Dh2(y))y˙
= Jy + Jh2(y) + F2(y + h2(y)) + F3(y + h2(y)) + · · ·+ Fr−1(y + h2(y)) +O(||y||r)
In 2× 2 Dh2(y) h2(y)
Fj(y + h2(y)) = Fj(y) + Fˆj+1(y) + · · ·+ Fˆ2j(y), 2 ≤ j ≤ r − 1
Fˆi(y) (j + 1 ≤ i ≤ 2j) i
(I +Dh2(y))y˙ = Jy + Jh2(y) + F2(y) + Fˆ3(y) + F3(y)
+ · · ·+ Fˆr−1(y) + Fr−1(y) +O(||y||r) (4.5)
y (I +Dh2(y))
−1
(I +Dh2(y))
−1 = I −Dh2(y) +O(||y||2). (4.6)
(4.6) (4.5)
y˙ = Jy + Jh2(y)−Dh2(y)Jy + F2(y) +O(||y||3) (4.7)
h2(y) y 2 (4.7) 2
F˜2(y) := Jh2(y)−Dh2(y)Jy + F2(y) (4.8)
h2(y) *
2
(4.4) 2
x = y +
j∑
m=2
hm(y), 2 ≤ j ≤ r − 1 (4.9)
hi(y)(2 ≤ i ≤ j) y i (4.4)
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1) (4.10)
F˜ ri (y)(2 ≤ i ≤ j) y i
(4.10) (4.3) (4.10)
(4.9)
∑j
m=2 hi(y)(2 ≤ i ≤ j)
2
*2
A.1
20
4.3
(4.2) Lyapunov
Lyapunov
Lyapunov
(4.9)
Lyapunov x
x y
y = x+
j∑
m=2
hm(x), 2 ≤ j ≤ r − 1, (4.11)
hi(x) (2 ≤ i ≤ j) : x i
[17] (4.11)
.✓ ✏
x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r),
Fi(x) (2 ≤ i ≤ r − 1) : x i
y = x+
j∑
m=2
hm(x), 2 ≤ j ≤ r − 1,
hi(x) (2 ≤ i ≤ j) : x i
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1),
F˜ ri (y) (2 ≤ i ≤ j) : y i
✒ ✑
21
.(4.11)
y˙ = x˙+Dh2(x) · x˙+ · · ·+Dhj(x) · x˙
= Jx+ F2(x) +Dh2(x)Jx
+
j∑
m=3
{
Fm(x) +Dhm(x)Jx+
∑
k+l=m+1
Dhk(x)Fl(x)
}
+O(||x||j+1), k, l ≥ 2
Dhi(x)(2 ≤ i ≤ j) hi(x) Jy
y˙ − Jy = F2(x) +Dh2(x)Jx− Jh2(x)
+
j∑
m=3
{
Fm(x) +Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x)
}
+O(||x||j+1)
y˙ = Jy + F˜2(x) + · · ·+ F˜j(x) +O(||x||j+1), (4.12)
F˜2(x) = F2(x) +Dh2(x)Jx− Jh2(x),
F˜m(x) = Fm(x) +Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x)
(3 ≤ m ≤ j, k, l ≥ 2)
x = y +
j−1∑
m=2
Gm(y) +O(||y||j) (4.13)
Gi(y)(1 ≤ i ≤ j − 1) y i (4.13) (4.11)
*3 (4.13) (4.12) (4.12)
F˜i(x) = F˜i
(
y +
j−1∑
m=2
Gm(y) +O(||y||j)
)
= F˜i(y) +
j∑
m=i+1
F˜ im(y) +O(||y||j+1) (2 ≤ i ≤ j)
F˜ im(y) y m F˜i(x) (4.13)
i
*3 (4.11) dy/dx = I
22
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1), (4.14)
F˜ r2 (y) = F˜2(y), F˜
r
k (y) = F˜k(y) +
k−1∑
m=2
F˜mk (y) (3 ≤ k ≤ j)
(4.14) (4.10) (4.11)
∑j
m=2 hi(x)(2 ≤ i ≤ j)
( A.1 )
( )
(4.11)
Lyapunov
(4.12) F˜ J
h J (4.2) J
(4.2) J
J1 =
(
0 ρ
−ρ 0
)
, J2 =
(
0 0
0 ρ
)
,J3 =
(
0 ρ
0 0
)
, J4 =
(
0 0
0 0
)
, (4.15)
ρ ∈ R\{0}
4 J1 J2
0 J3 0 J4
0
J1, J2, J3 Lyapunov
J4
4.3.1 J1
(4.2) J1 x = (x1, x2)
T 2{
x˙1 = −ρx2 + f1(x1, x2),
x˙2 = ρx1 + f2(x1, x2)
(4.16)
ρ ∈ R\{0} f1, f2 Taylor 2
f1, f2 (4.1) f
z ∈ C z = x1+ ix2
(4.16)
z˙ = iρz + g(z, z)
g(z, z) z, z 2
g(z, z) =
∑
2≤k+l≤3
1
k!l!
gklz
kzl +O(|z|4) (gkl ∈ C)
23
(4.16)
z˙ = iρz +
∑
2≤k+l≤3
1
k!l!
gklz
kzl +O(|z|4) (4.17)
1-1([16, 17, 19]).✓ ✏
z˙ = iρz +
∑
2≤k+l≤3
1
k!l!
gklz
kzl +O(|z|4)
w = z +
h20
2
z2 + h11zz +
h02
2
z2 +
h30
6
z3 +
h12
2
zz2 +
h03
6
z3
h20, h11, h02, h30, h12, h03 ∈ C
w˙ = iρw + c1w
2w +O(|w|4) (c1 ∈ C)
h20, h11, h02, h30, h12, h03
✒ ✑
.
λ := iρ
(4.17) w z
w = z +
h20
2
z2 + h11zz +
h02
2
z2 +
h30
6
z3 +
h12
2
zz2 +
h03
6
z3 (4.18)
w t
w˙ = λz +
g20
2
z2 + g11zz +
g02
2
z2 +
g30
6
z3 +
g21
2
z2z +
g12
2
zz2 +
g03
6
z3
+h20z
(
λz +
g20
2
z2 + g11zz +
g02
2
z2
)
+ h11z
(
λz +
g20
2
z2 + g11zz +
g02
2
z2
)
+h11z
(
λz +
g20
2
z2 + g11zz +
g02
2
z2
)
+ h02z
(
λz +
g20
2
z2 + g11zz +
g02
2
z2
)
+
h30
2
z2 (λz) +
h12
2
z2 (λz) + h12zz
(
λz
)
+
h03
2
z2
(
λz
)
+O(|z|4)
λw = λz +
h20
2
λz2 + h11λzz +
h02
2
λz2 +
h30
6
λz3 +
h12
2
λzz2 +
h03
6
λz3
24
w˙ − λw =g20 + λh20
2
z2 + (g11 + (λ+ λ)h11 − λh11)zz + g02 + 2λh02 − h02λ
2
z2
+
g30 + 3g20h20 + 3g02h11 + 3h30λ− h30λ
6
z3
+
g21 + 2g11h20 + g20h11 + 2g11h11 + g02h02
2
z2z
+
g12 + g02h20 + 2h11g11 + g20h11 + 2g11h02 + h12λ+ 2h12λ− h12λ
2
zz2
+
g03 + 3g02h11 + 3g20h02 + 3h03λ− h03λ
6
z3 +O(|z|4)
h20 = −g20
λ
, h11 = −g11
λ
, h02 =
g02
λ− 2λ,
h30 =
g30 + 3g20h20 + 3g02h11
−2λ , h12 =
g12 + g02h20 + 2h11g11 + g20h11 + 2g11h02
−2λ ,
(4.19)
h03 =
g03 + 3g02h11 + 3g20h02
λ− 3λ
w˙ = λw + c1z
2z +O(|z|4),
c1 = −
(
g20g11(2λ+ λ)
2|λ|2 +
|g11|2
λ
+
|g02|2
2(2λ− λ)
)
+
g21
2
(4.20)
z w (4.18)
z = w − h20
2
w2 − h11ww − h02
2
w2 +O(|w|3)
w˙ = λw + c1z
2z +O(|z|4)
= λw + c1w
2w +O(|w|4)
= iρw + c1w
2w +O(|w|4) (4.21)
( )
(4.21) w = u+ iv, c1 = a+ ib (4.21){
u˙ = −v + (au− bv)(u2 + v2) +O(|w|4),
v˙ = u+ (bu+ av)(u2 + v2) +O(|w|4) (4.22)
{
u˙ = −v + (au− bv)(u2 + v2),
v˙ = u+ (bu+ av)(u2 + v2)
(4.23)
25
L :
L(u, v) = sgn(−a) · 1
2
(u2 + v2) (4.24)
d
dt
L(u, v) = sgn(−a) · a(u2 + v2)2
Re(c1) = a 6= 0 L (4.23) Lyapunov
(4.22) Lyapunov
Lyapunov a a Lyapunov
([19]) a = 0
Lyapunov
4.3.2 J2
(4.2) J2 x = (x1, x2)
T 2{
x˙1 = f1(x1, x2),
x˙2 = ρx2 + f2(x1, x2)
(4.25)
f1, f2 Taylor 2
x˙ = J2x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+O(||x||3), (4.26)
a1, a2, a3, a4, a5, a6 ∈ R.
(4.26) J1 Lyapunov
26
1-2.✓ ✏
x˙ = J2x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+O(||x||3),
a1, a2, a3, a4, a5, a6 ∈ R
y =
(
y1
y2
)
=
(
x1
x2
)
+ h2
(
x1x2
0
)
+
h3
2
(
x22
0
)
+
h4
2
(
0
x21
)
+
h6
2
(
0
x22
)
h2, h3, h4, h6 ∈ R
y˙ = J2y +
a1
2
(
y21
0
)
+ a5
(
0
y1y2
)
+O(||y||3)
h2, h3, h4, h6
✒ ✑
.
(4.26) x y
y =
(
x1
x2
)
+ h2
(
x1x2
0
)
+
h3
2
(
x21
0
)
+
h4
2
(
0
x21
)
+
h6
2
(
0
x22
)
(4.27)
y t
y˙ = J2x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+h2ρ
(
x1x2
0
)
+ h3ρ
(
x22
0
)
+ h6ρ
(
0
x22
)
+O(||x||3)
J2y = J2x+
h4
2
ρ
(
0
x21
)
+
h6
2
ρ
(
0
x22
)
y˙ − J2y = a1
2
(
x21
0
)
+ (a2 + h2ρ)
(
x1x2
0
)
+ (
a3
2
+ h3ρ)
(
x22
0
)
+
a4 − h4ρ
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6 + h6ρ
2
(
0
x22
)
h2 = −a2
ρ
, h3 = −a3
2ρ
, h4 =
a4
ρ
, h6 = −a6
ρ
(4.28)
27
y˙ = J2y +
a1
2
(
x21
0
)
+ a5
(
0
x1x2
)
+O(||x||3)
y x (4.27)
x = y − h2
(
y1y2
0
)
− h3
2
(
y21
0
)
− h4
2
(
0
y21
)
− h6
2
(
0
y22
)
+O(||y||3)
y˙ = J2y +
a1
2
(
x21
0
)
+ a5
(
0
x1x2
)
+O(||x||3)
= J2y +
a1
2
(
y21
0
)
+ a5
(
0
y1y2
)
+O(||y||3) (4.29)
( )
(4.29) {
y˙1 =
a1
2 y
2
1
y˙2 = ρy2 + a5y1y2
(4.30)
L :
L(y1, y2) = sgn(−a1) · y1 + sgn(−ρ) · y22 (4.31)
d
dt
L(y1, y2) = sgn(−a1) · a1
2
y21 + sgn(−ρ) · (2ρy22 + 2a5y1y22)
a1 6= 0 L (4.30) Lyapunov
(4.29) Lyapunov
dL/dt 0 L
4.4 a1 = 0
Lyapunov
a1 4.3.3 Lyapunov a
a1 Lyapunov
4.3.3 J3
(4.2) J3 x = (x1, x2)
T 2{
x˙1 = ρx2 + f1(x1, x2),
x˙2 = f2(x1, x2)
(4.32)
f1, f2 Taylor 2
28
x˙ = J3x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+O(||x||3), (4.33)
a1, a2, a3, a4, a5, a6 ∈ R.
(4.33) J1 Lyapunov
1-3.✓ ✏
x˙ = J3x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+O(||x||3),
a1, a2, a3, a4, a5, a6 ∈ R
y =
(
y1
y2
)
=
(
x1
x2
)
+
h1
2
(
x21
0
)
+h2
(
x1x2
0
)
+
h4
2
(
0
x21
)
+h5
(
0
x1x2
)
h1, h2, h4, h5 ∈ R
y˙ = J3y +
a1 + a5
2
(
y21
0
)
+
a4
2
(
0
y21
)
+O(||y||3), d1, d4,∈ R
h1, h2, h4, h5
✒ ✑
.
(4.33) x y
y =
(
x1
x2
)
+
h1
2
(
x21
0
)
+ h2
(
x1x2
0
)
+
h4
2
(
0
x21
)
+ h5
(
0
x1x2
)
(4.34)
y t
y˙ = J3x+
a1
2
(
x21
0
)
+ a2
(
x1x2
0
)
+
a3
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ a5
(
0
x1x2
)
+
a6
2
(
0
x22
)
+h1ρ
(
x1x2
0
)
+ h2ρ
(
x22
0
)
+ h4ρ
(
0
x1x2
)
+ h5ρ
(
0
x22
)
+O(||x||3)
J3y = J3x+
h4
2
ρ
(
x21
0
)
+ h5ρ
(
x1x2
0
)
29
y˙ − J3y = a1 − h4ρ
2
(
x21
0
)
+ (a2 + h1ρ− h5ρ)
(
x1x2
0
)
+
a3 + 2h2ρ
2
(
x22
0
)
+
a4
2
(
0
x21
)
+ (a5 + h4ρ)
(
0
x1x2
)
+
a6 + 2h5ρ
2
(
0
x22
)
+O(||x||3)
h1 = −2a2 + a6
2ρ
, h2 = −a3
2ρ
, h4 = −a5
ρ
, h5 = −a6
2ρ
(4.35)
y˙ = J3y +
a1 + a5
2
(
x21
0
)
+
a4
2
(
0
x21
)
+O(||x||3)
y x (4.34)
x = y − h1
2
(
y21
0
)
− h2
(
y1y2
0
)
− h4
2
(
0
y21
)
− h5
(
0
y1y2
)
+O(||y||3)
y˙ = J3y +
a1 + a5
2
(
x21
0
)
+
a4
2
(
0
x21
)
+O(||x||3)
= J3y +
a1 + a5
2
(
y21
0
)
+
a4
2
(
0
y21
)
+O(||y||3) (4.36)
( )
(4.36) {
y˙1 = ρy2 +
a1+a5
2 y
2
1
y˙2 =
a4
2
y21
(4.37)
L :
L(y1, y2) = sgn(−ρ) · y1y2 + sgn(−a4) · y2 (4.38)
d
dt
L(y1, y2) = sgn(−ρ) ·
(
ρy22 +
a1 + a5
2
y21y2 +
a4
2
y31
)
+ sgn(−a4) · a4
2
y21
a4 6= 0 L (4.37) Lyapunov
(4.36) Lyapunov
dL/dt 0 L 4.4
a4 = 0
Lyapunov
a4 4.3.3 Lyapunov a
a4 Lyapunov
30
4.3.4 J4
(4.2) J4 x = (x1, x2)
T 2{
x˙1 = f1(x1, x2),
x˙2 = f2(x1, x2)
f1, f2 Taylor 2
Lyapunov
(4.14) 2 F˜ r2
F˜ r2 = F2(y) +Dh2(y)J4y − J4h2(y) = F2(y)
{
x˙1 = a1x
2
1 + a2x1x2 + a3x
2
2 +O(||x||3)
x˙2 = a4x
2
1 + a5x1x2 + a6x
2
2 +O(||x||3)
Lyapunov a1, a2, · · · , a6
Lyapunov
*4
{
x˙1 = x
2
1 − x22,
x˙2 = x1x2
(4.39)
(4.39)
( B.1 )
4.4
Lyapunov 3.2
Stage1 Lyapunov 2 2
4.3.1
Lyapunov (4.24) 4
{
x˙1 = −x2 − x1(x21 + x22) + x41,
x˙2 = x1 − x2(x21 + x22) + x42.
*4 Lyapunov ( B.3
)
31
4.3.1 Lyapunov L(x1, x2) =
(x21 + x
2
2)
2/2 L 2
d
dt
L(x1, x2) = −(x21 + x22)2 + (x51 + x52)
=
(
x1 x2
)( x31 − x21 −x1x2
−x1x2 x32 − x22
)(
x1
x2
)
(4.40)
=
(
x21 x
2
2
)( x1 − 1 −1
−1 x2 − 1
)(
x21
x22
)
(4.41)
(4.40) (4.41)
0
4.4.1
2.✓ ✏
cα ∈ R 2m
f(x) =
∑
|α|=2m
cαx
α ∈ R, x ∈ Rn
α
∀y ∈ {x | ||x|| = 1}, f(y) < 0 ⇒ ∀x ∈ Rn\0, f(x) < 0
✒ ✑
.
n x x y x = ||x||y, ||y|| =
1
f(x) = f(||x||y) = ||x||2mf(y)
f(y) < 0 f(x) < 0
( )
32
2 .✓ ✏
[cα] ∈ IR 2m
fI(x) =
∑
|α|=2m
[cα]x
α ∈ IR
∀y ∈ {x | ||x|| = 1}, supfI(y) < 0 ⇒ ∀x ∈ Rn\0, fI(x) < 0
✒ ✑
.
supfI(y)
∀y ∈ {x | ||x|| = 1}, supfI(y) < 0 ⇔ ∀y ∈ {x | ||x|| = 1}, ∀cα ∈ [cα], f(y) < 0
2
∀y ∈ {x | ||x|| = 1}, ∀cα ∈ [cα], f(y) < 0 ⇒ ∀x ∈ Rn\0, ∀cα ∈ [cα], f(x) < 0
∀x ∈ Rn\0, ∀cα ∈ [cα], f(x) < 0 ⇔ ∀x ∈ Rn\0, fI(x) < 0
( )
2
4.4.2
(4.16) f1, f2 2 *
5
Lyapunov (4.24)
d
dt
L(x1, x2) = sgn(−a) · a(x21 + x22)2 +DLh(x1, x2), (4.42)
DLh(x1, x2) =
∑
5≤k+l≤M
cklx
k
1x
l
2,
k, l ∈ N, M = max{deg(f1), deg(f2)}+ 5, ckl ∈ R
Dhj(x1, x2) (4.42) 5
DL := {x | x1 ≤ x1 ≤ x1, x2 ≤ x2 ≤ x2} (x1 < 0 < x1, x2 < 0 < x2
)
DL = ([Dx1], [Dx2]), [Dx1] = [x1, x1], [Dx2] = [x2, x2] (4.43)
*5 f1, f2 Taylor
33
1: DL
L˙(0, 0) = 0 DL Lyapunov DL\(0, 0)
dL/dt
4
DLI(x1, x2) = sgn(−a) · a(x21 + x22)2 +
∑
k+l=4
∑
1≤i+j≤M−4
cijkl([Dx1])
i([Dx2])
jxk1x
l
2,
i, j, k, l ∈ N, cijkl ∈ R
∑
k+l=4
∑
1≤i+j≤M−4
cijklx
i+k
1 x
j+l
2 = DLh(x1, x2) (4.44)
∀(x1, x2) ∈ DL, d
dt
L(x1, x2) ∈ DLI(x1, x2) (4.45)
DLI
DL ∂D :
∂D = DL1 ∪DL2 ∪DL3 ∪DL4,
DL1 = (x1, [Dx2]),
DL2 = ([Dx1], x2),
DL3 = ([Dx1], x2),
DL4 = (x1, [Dx2])
34
2: DL ∂D DL1, DL2, DL3, DL4
|| · ||
||(x1, x2)|| = max
(
x1
x1
,
x1
x1
,
x2
x2
,
x2
x2
)
∀(x1, x2) ∈ ∂D, ||(x1, x2)|| = 1 (4.46)
2 (4.45) (4.46)
∀y ∈ {x |x ∈ ∂D}, supDLI(y) < 0⇔ ∀y ∈ {x | ||x|| = 1 ∧ x ∈ DL}, supLI(y) < 0
⇒ ∀x ∈ DL\0, DLI(x) < 0
⇒ ∀x ∈ DL\0, d
dt
L(x) < 0
DL (4.45) DLI
∀(x1, x2) ∈ ∂D, supDLI(x1, x2) < 0 (4.47)
DLI x 5
4 x1, x2 [Dx1], [Dx2]
Lyapunov
d
dt
L(x1, x2) = −(x21 + x22)2 + x51 + x41x2 (4.48)
DL5(x1, x2) = x
5
1 + x
4
1x
1
2 4
x51 [Dx1]x
4
1 x
4
1x
1
2 [Dx2]x
4
1 DLI :
DLI(x1, x2) = −(x21 + x22)2 + [Dx1]x41 + [Dx2]x41
35
(4.44)
DLI (4.48) DLI
DLI(x1, x2) = −(x21 + x22)2 + [Dx1]x41 + [Dx1]x31x2
DLI(x1, x2) = −(x21 + x22)2 + [Dx1]x41 +
1
2
[Dx2]x
4
1 +
1
2
[Dx1]x
3
1x2
(4.44)
Lyapunov (4.24) (4.31) (4.38)
dL/dt (4.45) DLI
(4.47)
36
54 (4.15)
2
Lyapunov
MATLAB Octave
INTLAB(version10.2) ([20])
5.1 J1
x = (x1, x2)
T 2{
x˙1 = x2 + (3x1 + x2)
2,
x˙2 = −x1. (5.1)
±i
Lyapunov
z = x1 + ix2
z˙ = −iz +
(
2− 3
2
i
)
z2 + 5zz +
(
2 +
3
2
i
)
z2
(4.20) Lyapunov -15/2 4.3.1
Lyapunov (4.18)
(4.19)
h20 = −3− 4i, h11 = 5i, h02 = −3 + 4i
3
,
h30 =
39 + 27i
2
, h12 =
−175− 75i
6
, h03 =
−67− 69i
4
w = z +
h20
2
z2 + h11zz +
h02
2
z2 +
h30
6
z3 +
h12
2
zz2 +
h03
6
z3
=
(
x1 − 2x21 + 2x22 +
16
3
x1x2 − 113
8
x31 −
383
24
x1x
2
2 −
173
8
x21x2 −
9
8
x32
)
+
(
x2 +
11
3
x21 +
19
3
x22 − 2x1x2 −
55
8
x31 −
35
8
x1x
2
2 +
785
24
x21x2 +
205
24
x32
)
i
(4.24) L :
L(x1, x2) =
1
2
(
x1 − 2x21 + 2x22 +
16
3
x1x2 − 113
8
x31 −
383
24
x1x
2
2 −
173
8
x21x2 −
9
8
x32
)2
+
1
2
(
x2 +
11
3
x21 +
19
3
x22 − 2x1x2 −
55
8
x31 −
35
8
x1x
2
2 +
785
24
x21x2 +
205
24
x32
)2
(5.2)
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Lyapunov L
d
dt
L(x1, x2) = −15
2
(x21 + x
2
2)
2 +
213219
32
x71 +
129093
16
x61x2 +
1351
24
x61 +
1280961
32
x51x
2
2
+
87863
36
x51x2 −
21319
72
x51 +
234255
8
x41x
3
2 −
96265
24
x41x
2
2 −
7173
8
x41x2
+
4289185
288
x31x
4
2 +
3965
6
x31x
3
2 +
2231
18
x31x
2
2 +
268327
48
x21x
5
2 +
13765
24
x21x
4
2
+
241
6
x21x
3
2 +
220243
288
x1x
6
2 +
14563
36
x1x
5
2 +
339
8
x1x
4
2 −
233
12
x72
−817
8
x62 −
2165
24
x52
(4.45)
DLI(x1, x2) = −15
2
(x21 + x
2
2)
2 +
213219
32
([Dx1])
3x41 +
129093
16
([Dx1])
2[Dx2]x
4
1
+
1351
24
([Dx1])
2x41 +
1280961
32
[Dx1]([Dx2])
2x41 +
87863
36
[Dx1][Dx2]x
4
1
−21319
72
[Dx1]x
4
1 +
234255
8
([Dx2])
3x41 −
96265
24
([Dx2])
2x41 −
7173
8
[Dx2]x
4
1
+
4289185
288
([Dx1])
3x42 +
3965
6
[Dx1][Dx2]x
2
1x
2
2 +
2231
18
[Dx1]x
2
1x
2
2
+
268327
48
([Dx2])
3x21x
2
2 +
13765
24
([Dx2])
2x21x
2
2 +
241
6
[Dx2]x
2
1x
2
2
+
220243
288
[Dx1]([Dx2])
2x42 +
14563
36
[Dx1][Dx2]x
4
2 +
339
8
[Dx1]x
4
2
−233
12
([Dx2])
3x42 −
817
8
([Dx2])
2x42 −
2165
24
[Dx2]x
4
2
(4.45) DLI
(4.47)
L
DL = {x | − 0.006 ≤ x1 ≤ 0.006,−0.006 ≤ x2 ≤ 0.006} (5.3)
Lyapunov Lyapunov
• Dl = {x ∈ R2 | L(x) ≤ α} (α > 0) Dl ⊂ DL Dl
3 Dl = {x | L(x) ≤ 10−5}
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5e-06
5e
-0
6
5e-06
1e-05
1e-05
1e-05
1e-05
1e-
05
1.5e-05
1.5e-05
1.5
e-0
5
1.5e-05
1.5e-05
1.5
e-0
5
2e-05 2
e-0
5
2e
-05
2e-05
2.5
e-0
5
2.5e-053e
-05
3e-05
3: (5.2) Lyapunov (5.3)
Lyapunov Lyapunov
5.2 J2
x = (x1, x2)
T 2{
x˙1 = −x21 + 2x1x2 − x22 − x31 + x32,
x˙2 = −x2 + x21 + x1x2 − x22 − x31 + x32. (5.4)
0,−1 Lyapunov
Lyapunov −2 4.3.2 Lyapunov
(4.27) (4.28)
h2 = 2, h3 = −1, h4 = −2, h6 = −2
y = x+
(
2x1x2 − 12x22−x21 − x22
)
(4.31) L :
L(x1, x2) = x1 + 2x1x2 − 1
2
x22 +
(
x2 − x21 − x22
)2
(5.5)
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Lyapunov L
d
dt
L(x1, x2) = −x21 − 2x22 − 4x61 − 4x51x2 − 2x51 − 4x41x22 + 16x41x2 − 4x41 + 2x31x22
−x31x2 + x31 + 4x21x42 + 6x21x32 − 16x21x22 + 3x21x2 + 4x1x52 − 4x1x42
+3x1x
2
2 + 4x
6
2 − 10x52 + 5x42 + 4x32
(4.45)
DLI(x1, x2) = −x21 − 2x22 − 4([Dx1])4x21 − 4([Dx1])3[Dx2]x21 − 2([Dx1]3)x21
−4([Dx1])4x22 + 16([Dx1])2[Dx2]x21 − 4(Dx1])2x21 + 2[Dx1]([Dx2])2x21
−[Dx1][Dx2]x21 + [Dx1]x21 + 4([Dx2])4x21 + 6([Dx2])3x21
−16([Dx2])2x21 + 3[Dx2]x21 + 4[Dx1]([Dx2])3x22 − 4[Dx1]([Dx2])2x22
+3[Dx1]x
2
2 + 4([Dx2])
4x22 − 10([Dx2])3x22 + 5([Dx2])2x22 + 4[Dx2]x22
(4.45) DLI
L
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875} (5.6)
Lyapunov
(5.4) W c(0) := {x ∈ R2 | x2 = x21 + 2x31 +O(|x1|4)}
( B.2 ) Lyapunov
4, 5
4: (5.5) Lyapunov (5.6)
Lyapunov
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-
0.
2
-
0.
15
-
0.
1
-
0.1
-
0.
05
-
0.0
5
0
0
0.05
0.
05
0.1
0.
1
0.15
0.15
0.2
5: 4
x2 = x
2
1 + 2x
3
1
5
Lyapunov
Lyapunov
5.3 J3
x = (x1, x2)
T 2{
x˙1 = x2 + x
2
1 − 2x1x2,
x˙2 = x
2
1 − x22. (5.7)
Lyapunov
Lyapunov 2 4.3.3 Lyapunov
(4.34) (4.35)
h1 =
3
2
, h2 = 0, h3 = 0, h5 = 1
y = x+
(
3
2x
2
1
x1x2
)
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(4.38) L :
L(x1, x2) = −(x1 + 3
2
x21)(x2 + x1x2)− (x2 + x1x2)
= −(1 + x1 + 3
2
x21)(x2 + x1x2) (5.8)
Lyapunov L
d
dt
L(x1, x2) = −3
2
x51 −
9
2
x41x2 −
5
2
x41 +
21
2
x31x
2
2 − 5x31x2 − 2x31
+8x21x
2
2 − 2x21x2 − x21 + x1x22 − x22
(4.45)
DLI(x1, x2) = −x21 − x22 −
3
2
([Dx1])
3x21 −
9
2
([Dx1])
2[Dx2]x
2
1 −
5
2
([Dx1])
2x21
+
21
2
([Dx1])
3x22 − 5[Dx1][Dx2]x21 + 2[Dx1]x21
+8([Dx1])
2x22 − 2[Dx2]x21 + [Dx1]x22
(4.45) DLI
L
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875} (5.9)
Lyapunov
Lyapunov 6,7
-0.2
-0.15
-0.15
-0.1
-0.1
-0.1
-0.05
-0.05
000
0.05
0.05
0.1
0.1
0.1
0.15
0.15 0.2
6: (5.8) Lyapunov (5.9)
Lyapunov
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7: 6
0 (5.7) 2
Lyapunov
(5.7)
Lyapunov (5.8)
Lyapunov
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6 Lyapunov
4 Lyapunov 5
Lyapunov Lyapunov
Lyapunov
6.1
5.3 x = (x1, x2)
T 2{
x˙1 = x2 + x
2
1 − 2x1x2,
x˙2 = x
2
1 − x22 (6.1)
Lyapunov L:
L(x1, x2) = −(1 + x1 + 3
2
x21)(x2 + x1x2) (6.2)
DL :
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875} (6.3)
x∗ := (1, 1)T
x∗
Lyapunov (6.2)
8: x = (0.01, 0.01)T x∗ =
(1, 1)T
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6.2
x∗ = (1, 1)T (6.1) (
0 −1
2 −2
)
−1± i x∗ 2
W s(x∗) :
W s(x∗) = {x0 ∈ R2 | lim
t→∞
ϕ(t,x0) = x
∗}
1. x∗ W s(x∗) DA
2. Wu(0) :
Wu(0) = {x0 | lim
t→−∞
ϕ(t,x0) = 0}
xu ∈Wu(0) xu
3. xu (6.1) ϕ(t,xu) TUS >
0 DA ϕ(t,xu)
6.2.1 DA
W s(x∗) DA
3.2 x∗ = (1, 1)T Lyapunov L11 :
L11(x) = (x− x∗)TY (x− x∗), Y ∈ R2×2 (6.4)
DL11 DA := {x ∈ R2 | L11(x) ≤ α} ⊂ DL11
α > 0 x∗ DA W
s(x∗)
α ([15])
6.3.2
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9: Lyapunov DL11 DA DA t→∞ x∗
6.2.2 xu
xu ∈Wu(0) xu
(6.2) DL 5.3
DL = {x | − 0.1875 ≤ x1 ≤ 0.1875,−0.1875 ≤ x2 ≤ 0.1875}
Lyapunov 0 L0 = {x ∈ DL | L(x) = 0}
Lyapunov (6.2)
L0 = {x ∈ DL | x2 = 0}
Lyapunov D+L = {x ∈ DL | L(x) > 0}
Lyapunov D−L = {x ∈ DL | L(x) < 0}
D+L = {x ∈ DL | x2 < 0},
D−L = {x ∈ DL | x2 > 0}
dL/dt < 0 Wu(0)
xu D
−
L L0
D−L ∂D
−
L :
∂D−L = D
−
L1 ∪D−L2 ∪D−L3 ∪ L0,
D−L1 = {x ∈ D−L | x1 = −0.1875, 0 < x2 ≤ 0.1875},
D−L2 = {x ∈ D−L | − 0.1875 < x1 < 0.1875, x2 = 0.1875},
D−L3 = {x ∈ D−L | x1 = 0.1875, 0 < x2 ≤ 0.1875}
(6.1) D−L1, D
−
L3 x˙1 > 0 D
−
L2
x˙2 < 0 L0 x˙1 > 0, x˙2 > 0 Lyapunov
46
(0.1875, 0)T L0
D−L D
−
L3
10: DL, D
+
L , D
−
L , D
−
L1, D
−
L2, D
−
L3, L0 D
−
L1, D
−
L2, D
−
L3, L0
D−L1, D
−
L2, D
−
L3 L0
L0\{0, (0.1875, 0)T} D−L D−L3
D−L
xu
1. L0 2 xA,xB :
xA = (x
A
1 , 0)
T , xB = (x
B
1 , 0)
T , xA1 < 0 < x
B
1
xA,xB (6.1) ϕ(t,xA), ϕ(t,xB)
2. ϕ(t,xA), ϕ(t,xB) D
−
L3 ti, Tj > 0 ODE-
IVP ϕ(t,xA), ϕ(t,xB) ti, Tj
[ϕ(ti,xA)], [ϕ(Tj,xB)] :
[ϕ(ti,xA)] := {x ∈ R2 | xi ≤ x1 ≤ xi, yi ≤ x2 ≤ yi},
[ϕ(Tj ,xB)] := {x ∈ R2 | xj ≤ x1 ≤ xj , yj ≤ x2 ≤ yj},
xi, xi, yi, yi, xj , xj , yj , yj ∈ R
xi, xj > 0.1875 (6.5)
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3. ϕ(t,xA), ϕ(t,xB) D
−
L3 ti−1, Tj−1 > 0
ODE-IVP ϕ(t,xA), ϕ(t,xB) ti−1, Tj−1
[ϕ(ti−1,xA)], [ϕ(Tj−1,xB)] :
[ϕ(ti−1,xA)] := {x ∈ R2 | xi−1 ≤ x1 ≤ xi−1, yi−1 ≤ x2 ≤ yi−1},
[ϕ(Tj−1,xB)] := {x ∈ R2 | xj−1 ≤ x1 ≤ xj−1, yj−1 ≤ x2 ≤ yj−1},
xi−1, xi−1, yi−1, yi−1, xj−1, xj−1, yj−1, yj−1 ∈ R
xi−1, xj−1 < 0.1875 (6.6)
11: [ϕ(Ti,xA)],[ϕ(ti−1,xA)] D
−
L , D
−
L3 ,
[ϕ(Tj ,xB)],[ϕ(Tj−1,xB)] D
−
L , D
−
L3
4. ϕ(t,xA) 0 = t0 < t1 < · · · < ti−1 < ti
[0, t1], [t1, t2], · · · , [ti−1, ti]
[ϕ([t0, t1],xA)], [ϕ([t1, t2],xA)], · · · , [ϕ([ti−1, ti],xA)] (6.7)
ϕ(t,xB) 0 = T0 < T1 <
· · · < Tj−1 < Tj [0, T1], [T1, T2], · · · , [Tj−1, Tj]
[ϕ([T0, T1],xB)], [ϕ([T1, T2],xB)], · · · , [ϕ([Tj−1, Tj],xB)] (6.8)
2.4.4 Taylor
(2.5) h
kv ([11])
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[ϕ(tk−1,xA)], [ϕ(tk,xA)] ⊂[ϕ([tk−1, tk],xA)],
[ϕ(Tl−1,xB)], [ϕ(Tl,xB)] ⊂ [ϕ([Tl−1, Tl],xB)] , (6.9)
1 ≤ k ≤ i, 0 ≤ l ≤ j
[ϕ([tk−1, tk],xA)] ∩ [ϕ([tk, tk+1],xA)] 6= ∅,
[ϕ([Tl−1, Tl],xB)] ∩ [ϕ([Tl, Tl+1],xB)] 6= ∅, (6.10)
1 ≤ k ≤ i− 1, 0 ≤ l ≤ j − 1
5. (6.7),(6.8) A,B :
A = [ϕ([0, t1],xA)] ∪ [ϕ([t1, t2],xA)] ∪ · · · ∪ [ϕ([ti−1, ti],xA)],
B = [ϕ([0, T1],xB)] ∪ [ϕ([T1, T2],xB)] ∪ · · · ∪ [ϕ([Tj−1, Tj ],xB)]
A ϕ(t,xA) 0 ≤ t ≤ ti B
ϕ(t,xB) 0 ≤ t ≤ Tj (6.10)
A,B 2
A\{[ϕ([ti−1, ti],xA)]}, B\{[ϕ([Ti−1, Ti],xA)]} ⊂ (D−L ∪ L0) (6.11)
A ∪B = ∅ (6.12)
(6.11) ϕ(t,xA), ϕ(t,xB) 0 ≤ t ≤ ti−1, 0 ≤ t ≤ Tj−1
Lyapunov (6.2)
D−L D
−
L3
(6.11)
A,B (6.11),(6.12) A,B
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12: (6.11),(6.12) DL, D
−
L , D
−
L3, L0 xA,xB A,B
A, B
[ϕ([ti−1, ti],xA)], [ϕ([Tj−1, Tj],xB)]
[ϕ([ti−1, ti],xA)] := {x ∈ R2 | xti ≤ x1 ≤ xti, yti ≤ x2 ≤ yti}
[ϕ([Tj−1, Tj ] ,xB)] := {x ∈ R2 | xTj ≤ x1 ≤ xTj , yTj ≤ x2 ≤ yTj},
xTi, xTi, yTi, yTi, xTj , xTj , yTj , yTj ∈ R
[ϕ([ti−1, ti],xA)],[ϕ([Tj−1, Tj],xB)] D
−
L3
XLA,XLB
XLA = [ϕ([ti−1, ti],xA)] ∪D−L3
= {x ∈ R2 | x1 = 0.1875, yti ≤ x2 ≤ yti},
XLB = [ϕ([Tj−1, Tj ],xB)] ∪D−L3
= {x ∈ R2 | x1 = 0.1875, yTj ≤ x2 ≤ yTj}
XLA,XLB [Xu] :
[Xu] = {x ∈ R2 | x1 = 0.1875, yTj ≤ x2 ≤ yti}
= ([0.1875, 0.1875], [y
Tj
, yti])
T
12, Lyapunov (6.3)
( B.3 ) ( C.1 )
∃xu ∈ [Xu], lim
t→−∞
xu = 0
[Xu] xu
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6.2.3 [Xu] DA
[Xu] ϕ(t, [Xu])
[ϕ(TUS , [Xu])] ⊂ DA (6.13)
TUS > 0 [ϕ(TUS , [Xu])] ODE-IVP
TUS ϕ(TUS , [Xu]) (6.13)
[ϕ(TUS , [Xu])]
supL11([ϕ(TUS , [Xu])]) ≤ α
supL11([ϕ(TUS , [Xu])]) L11([ϕ(TUS , [Xu])]
[Xu] ⊂W s(x∗)
∃xu ∈ [xu], lim
t→∞
ϕ(t,xu) = x
∗ ∧ lim
t→−∞
ϕ(t,xu) = 0
ϕ(t, [Xu])
6.3
6.2
6.3.1 Lyapunov L11
x∗ = (1, 1)T Lyapunov 3.2
5
INTLAB(version 10.2) ([20])
x∗ Df∗ Λ
Λ =
( −1 + i 0
0 −1− i
)
X =
(
1 1
1− i 1 + i
)
Lyapunov I∗
I∗ =
(
1 0
0 1
)
Lyapunov
L11(x) = x
T
(
1 −0.5
−0.5 0.5
)
x
= (x1 − 1)2 − (x1 − 1)(x2 − 1) + 1
2
(x2 − 1)2 (6.14)
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L(x) L
DL11 = {x ∈ R2 | 0.125 ≤ x1 ≤ 2, 0.5 ≤ x2 ≤ 2} (6.15)
Lyapunov
6.3.2 DA
W s(x∗) DA
Lyapunov (6.14) 0.1 L0.1 = {x ∈ R2|L11(x) = 0.1}
(6.14)
L11(x) =
{
(x1 − 1)− x2 − 1
2
}2
+
(x2 − 1)2
4
(6.16)
=
1
2
(x2 − x1)2 + 1
2
(x1 − 1)2 (6.17)
x1 L0.1 (6.17)(
1 +
√
5
5
, 1 +
√
5
5
)
,
(
1−
√
5
5
, 1−
√
5
5
)
(6.18)
x2 L0.1 (6.16)(
1 +
√
10
10
, 1 +
√
10
5
)
,
(
1−
√
10
10
, 1−
√
10
5
)
(6.19)
L0.1 D
D =
{
x ∈ R2
∣∣∣∣∣ 1−
√
5
5
≤ x1 ≤ 1 +
√
5
5
, 1−
√
10
5
≤ x2 ≤ 1 +
√
10
5
}
1−
√
5
5
> 0.55, 1 +
√
5
5
< 1.45, 1−
√
10
5
> 0.36, 1 +
√
10
5
< 1.64
L0.1 ⊂ D ⊂ DL11
DA = {x ∈ R2|L11(x) ≤ 0.1} (6.20)
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6.3.3 xu
xu [Xu]
C++ kv ([11])
2 xA,xB
xA = −0.125, xB = 0.0625
ti−1 = 10.25, ti = 10.375,Tj−1 = 5.0625, Tj =
5.15625 (6.5),(6.6) (6.7)
tj − tj−1 = 0.125 (6.8) tj − tj−1 = 0.125
(6.11)(6.12)
13: (6.7) A (6.8) B L0
D−L3 (6.11)(6.12)
[ϕ([ti−1, ti],xA)], [ϕ([Tj−1, Tj],xB)]
[ϕ([ti−1, ti],xA)] ⊂ ([0.1832, 0.1897], [0.0529, 0.0561])T
[ϕ([Tj−1, Tj],xB)] ⊂ ([0.1869, 0.1967], [0.0626, 0.0668])T
[Xu] = ([0.1875, 0.1875], [0.0529, 0.0668])
T (6.21)
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6.3.4 [Xu] DA
[Xu] (6.21) DA
C++ kv
([11])
TUS = 4.21875
[ϕ(TUS , [Xu])] ⊂ ([0.9603, 1.1401], [0.8401, 0.9708])T
supL11([ϕ(TUS , [Xu])]) < 0.0548 < 0.1
x∗ = (1, 1)T ϕ(t, [Xu])
14: [Xu]
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72
Lyapunov
Lyapunov 0
4 Lyapunov
Lyapunov 0
Lyapunov
Lyapunov
Lyapunov Lyapunov
· · ·Lyapunov
(4.15) J1, J2, J3
4
Lyapunov · · ·Lyapunov 0
2 Lyapunov
3 Lyapunov
Lyapunov
n j∑j
m=2 n · m+n−1Cm *6
([21]) Lyapunov
*6 x = (x, y)T 2 3 (x2, 0)T , (xy, 0)T , (y2, 0)T ,
(0, x2)T , (0, xy)T , (0, y2)T , (x3, 0)T , (x2y, 0)T , (xy2, 0)T , (y3, 0)T , (0, x3)T , (0, x2y)T , (0, xy2)T , (0, y3)T
∑3
m=2 2 · m+1Cm = 14
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ALyapunov
Lyapunov
A.1
4.2 4.3
4.3
2 (
) x = (x1, x2, · · · , xn)T n
du
dt
= f(u), 0<t<∞, (A.1)
u ∈ Rn, f : Rn → Rn.
f(u) Cr(r ≥ 4) u∗, f(u∗) = 0,
(A.1) u∗ f
Taylor
x˙ = Jx+ F2(x) + F3(x) + · · ·+ Fr−1(x) +O(||x||r), (A.2)
x ∈ Rn, J :
Fi(x)(2 ≤ i ≤ r − 1) F (x) Taylor i
4.3 4.3 2
n
(A.1) (4.11) n
y = x+
j∑
m=2
hm(x), 2 ≤ j ≤ r − 1, (A.3)
hi(x) (2 ≤ i ≤ j) : x i
4.3 (4.14) *7
*7 2 n 4.3
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(A.3)
y˙ = x˙+Dh2(x) · x˙+ · · ·+Dhj(x) · x˙
= Jx+ F2(x) +Dh2(x)Jx
+
j∑
m=3
{
Fm(x) +Dhm(x)Jx+
∑
k+l=m+1
Dhk(x)Fl(x)
}
+O(||x||j+1), k, l ≥ 2
Dhi(x)(2 ≤ i ≤ j) hi(x) Jy
y˙ − Jy = F2(x) +Dh2(x)Jx− Jh2(x)
+
j∑
m=3
{
Fm(x) +Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x)
}
+O(||x||j+1)
y˙ = Jy + F˜2(x) + · · ·+ F˜j(x) +O(||x||j+1), (A.4)
F˜2(x) = F2(x) +Dh2(x)Jx− Jh2(x),
F˜m(x) = Fm(x) +Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x)
(3 ≤ m ≤ j, k, l ≥ 2)
x = y +
j−1∑
m=2
Gm(y) +O(||y||j) (A.5)
Gi(y)(1 ≤ i ≤ j − 1) y i (A.5) (A.3)
(A.5) (A.4) (A.4)
F˜i(x) = F˜i
(
y +
j−1∑
m=i
Gm(y) +O(||y||j)
)
= F˜i(y) +
j∑
m=i+1
F im(y) +O(||y||j+1) (2 ≤ i ≤ j) (A.6)
F im(y) y m F˜i(x) (A.5)
i
y˙ = Jy + F˜ r2 (y) + · · ·+ F˜ rj (y) +O(||y||j+1), (A.7)
F˜ r2 (y) = F˜2(y), F˜
r
k (y) = F˜k(y) +
k−1∑
m=2
Fmk (y) (3 ≤ k ≤ j)
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( )
(A.3)
∑j
m=2 hm(x) (A.4)
m(m ≥ 2)
Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x) (2 ≤ m ≤ j, k, l ≥ 2) (A.8)
(A.3) (A.8)
*8
(A.8) Rn e1, e2, · · · , en y m
(2 ≤ m ≤ j)
(xα11 x
α2
2 · · ·xαnn )el,
n∑
k=1
αk = m (1 ≤ l ≤ n) (A.9)
Hm Hm
Hm Hm
Lm : hm(x) 7→ Dhm(x)Jx− Jhm(x) +
∑
k+l=m+1
Dhk(x)Fl(x) (A.10)
(2 ≤ m ≤ j, k, l ≥ 2)
(A.10)
Lm(Hm) ⊆ Hm
hm(x) ∈ Hm Lm(Hm) = Hm, Lm(Hm) 6=
Hm
1. Lm(Hm) = Hm
(A.7) m
2. Lm(Hm) 6= Hm
Lm m (A.9) Wm
(A.4)
F˜m(x) ∈Wm
Wm
W˜m W˜m (
*8 (A.5) (A.6) (A.3)
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) W˜m (
) (A.7) m
W˜m
m Lm(Hm)
Lm(Hm) 6= Hm W˜m m
A.2
x = (x1, x2)
T 2
x˙ = Jx+ F (x), x ∈ R2, J :
J 4 Lyapunov
J1 =
(
0 ρ
−ρ 0
)
, J2 =
(
0 0
0 ρ
)
,J3 =
(
0 ρ
0 0
)
, J4 =
(
0 0
0 0
)
, (A.11)
ρ ∈ R\{0}
Lyapunov Lyapunov
4.3 J1, J2, J3 Lyapunov
( 1-1,1-2,1-3) 1-2,1-3
W˜m *
9
J2, J3
A.2.1 J2
J2 4.3 2
Lyapunov ( 1-2) W˜2
2
H2 :
H2 = span
{(
x21
0
)
,
(
x1x2
0
)
,
(
x22
0
)
,
(
0
x21
)
,
(
0
x1x2
)
,
(
0
x22
)}
L2 : h2(x) 7→ Dh2(x)J2x− J2h2(x)
*9 1-1 Hopf
[16]
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L2(H2)
L2
(
x21
0
)
=
(
2x1 0
0 0
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
x21
0
)
=
(
0
0
)
,
L2
(
x1x2
0
)
=
(
x2 x1
0 0
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
x1x2
0
)
= ρ
(
x1x2
0
)
,
L2
(
x22
0
)
=
(
0 2x2
0 0
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
x22
0
)
= 2ρ
(
x22
0
)
,
L2
(
0
x21
)
=
(
0 0
2x1 0
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
0
x21
)
= −ρ
(
0
x21
)
,
L2
(
0
x1x2
)
=
(
0 0
x2 x1
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
0
x1x2
)
=
(
0
0
)
,
L2
(
0
x22
)
=
(
0 0
0 2x2
)(
0 0
0 ρ
)(
x1
x2
)
−
(
0 0
0 ρ
)(
0
x22
)
= ρ
(
0
x22
)
L2(H2) = span
{(
x1x2
0
)
,
(
x22
0
)
,
(
0
x21
)
,
(
0
x22
)}
W˜2 = span
{(
x21
0
)
,
(
0
x1x2
)}
(A.12)
(A.12) (
x21
0
)
,
(
0
x1x2
)
(A.13)
2
A.2.2 J3
J3 4.3 2
Lyapunov ( 1-3) W˜2
2
H2 :
H2 = span
{(
x21
0
)
,
(
x1x2
0
)
,
(
x22
0
)
,
(
0
x21
)
,
(
0
x1x2
)
,
(
0
x22
)}
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L2 : h2(x) 7→ Dh2(x)J3x− J3h2(x)
L2(H2)
L2
(
x21
0
)
=
(
2x1 0
0 0
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
x21
0
)
= 2ρ
(
x1x2
0
)
,
L2
(
x1x2
0
)
=
(
x2 x1
0 0
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
x1x2
0
)
= ρ
(
x22
0
)
,
L2
(
x22
0
)
=
(
0 2x2
0 0
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
x22
0
)
=
(
0
0
)
,
L2
(
0
x21
)
=
(
0 0
2x1 0
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
0
x21
)
=
(
0
2ρx1x2
)
−
(
ρx21
0
)
= ρ
( −x21
2x1x2
)
,
L2
(
0
x1x2
)
=
(
0 0
x2 x1
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
0
x1x2
)
= ρ
{(
0
x22
)
−
(
x1x2
0
)}
,
L2
(
0
x22
)
=
(
0 0
0 2x2
)(
0 ρ
0 0
)(
x1
x2
)
−
(
0 ρ
0 0
)(
0
x22
)
=
( −ρx22
0
)
L2(H2) = span
{(
x1x2
0
)
,
(
x22
0
)
,
( −x21
2x1x2
)
,
(
0
x22
)}
W˜2
W˜2 = span
{(
x21
0
)
,
(
0
x21
)}
,
span
{(
0
x1x2
)
,
(
0
x21
)}
(
0
x21
)
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(
x21
0
) (
0
x1x2
)
(A.14)
2 2
1-3 (A.14) 2 (
0
x1x2
)
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BB.1
4.3.4 x = (x1, x2)
T ∈ R2 2{
x˙1 = x
2
1 − x22
x˙2 = x1x2
(B.1)
B-1.✓ ✏
(B.1) x0(x0 ∈ R2) ϕ(t,x0)
x0 ϕ(t,x0) t→ ±∞
✒ ✑
.
Bε := { ||x|| < ε }(ε > 0)
∀ε > 0, ∃x0 ∈ Bε\{0},
(
lim
t→±∞
ϕ(t,x0) = 0
)
∧ ( ∀t ∈ (−∞,∞), ϕ(t,x0) ∈ Bε ) (B.2)
x1 = r cos θ, x2 = r sin θ{
x˙1 = r˙ cos θ − r sin θ · θ˙
x˙2 = r˙ sin θ + r cos θ · θ˙
x˙2 cos θ − x˙1 sin θ = rθ˙
x˙1 cos θ + x˙2 sin θ = r˙
x˙2 cos θ − x˙1 sin θ = r2 sin θ cos θ · cos θ − r2(cos2 θ − sin2 θ) · sin θ
= r2 sin3 θ,
x˙1 cos θ + x˙2 sin θ = r
2(cos2 θ − sin2 θ) · cos θ + r2 sin θ cos θ · cos θ
= r2 cos3 θ
{
r˙ = r2 cos3 θ
θ˙ = r sin3 θ
(B.3)
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(B.3) θ < 0 θ˙ < 0 θ > 0 θ˙ > 0
∀t ∈ (−∞,∞), ∀θ ∈ (0, π),( θ˙ > 0 ) ∧ ( 0 < θ(t) < π ) (B.4)
∀t ∈ (−∞,∞), ∀θ ∈ (−π, 0),( θ˙ < 0 ) ∧ ( −π < θ(t) < 0 )
0 < θ(t) < π sin θ 6= 0
dr
dθ
=
dr
dt
dt
dθ
=
r
tan3 θ
⇔
∫
1
r
dr =
∫
1
tan3 θ
dθ
=
∫
1 + (tan2 θ − tan2 θ)
tan3 θ
dθ =
∫ (
1 + tan2 θ
tan3 θ
− 1
tan2 θ
)
dθ
=
∫ ( d
dθ
(tan θ)
tan3 θ
−
d
dθ
(sin θ)
sin θ
)
dθ
⇔ log r = − 1
2 tan2 θ
− log | sin θ|+ C1 (C1 )
r(θ) = eC1
1
sin θ
e−
1
2 tan2 θ
= eC1
1
sin θ
e−
1−sin2 θ
2 sin2 θ
= eC1
1
sin θ
e1−
1
| sin θ|
2
= eC2
1
sin θ
e−
1
| sin θ|
2
(C2 = C1 + 1)
r(θ) (r, θ) = (r0,
pi
2 ) e
C2 = r0
r(θ) =
r0
| sin θ|e
− 1
| sin θ|
2
τ = 1/| sin θ|
lim
θ→0
r(θ) = lim
θ→pi
r(θ) = lim
τ→∞
τ
eτ2
= 0
(B.4) θ(t)→ 0 t→ −∞ θ(t)→ π t→∞
0 < θ < π t→ ±∞ 0
r(τ)
dr
dτ
= e−τ
2 − 2τ2e−τ2 = (1− 2τ2)e−τ2 (τ > 0)
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τ = 1/
√
2
r
(
1√
2
)
=
1√
2
e−
1
2
r(τ) ≤ r0
√
e
2
r0
r0 <
ε√
e
2
ε (r, θ) = (r0, π/2) x0 = (0, r0)
T
(B.2)
−π < θ(t) < 0 (B.2)
( )
x1
15: (B.1)
B.2
5.2 x = (x1, x2)
T ∈ R2 2{
x˙1 = −x21 + 2x1x2 − x22 − x31 + x32,
x˙2 = −x2 + x21 + x1x2 − x22 − x31 + x32 (B.5)
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W c(0) :
W c(0) := {x ∈ R2 | x2 = x21 + 2x31 +O(|x1|4)} (B.6)
C-3-2 (C.4)
A = 0, B = −1,
g(x1, x2) = −x21 + 2x1x2 − x22 − x31 + x32,
h(x1, x2) = x
2
1 + x1x2 − x22 − x31 + x32
φ(x1) = ax
2
1 + bx
3
1 +O(|x1|4)
φ′(x1)( Ax1 + g(x1, φ(x1)) )−Bφ(x1)− h(x1, φ(x1))
= φ′(x1) · g(x1, φ(x1)) + φ(x1)− h(x1, φ(x1))
= (2ax1 + 3bx
2
1 +O(|x1|3)) · (−x21 + 2ax31 − x31 +O(|x1|4))
+ax21 + bx
3
1 +O(|x1|4)− x21 − x1(ax21 + bx31) + x31 +O(|x1|4)
= (a− 1)x21 + (b− 3a+ 1)x31 +O(|x1|4)
a = 1, b = 2
φ′(x1)( Ax1 + g(x1, φ(x1)) )−Bφ(x1)− h(x1, φ(x1)) = O(||x1||4)
W c(0) := {x ∈ R2 | x2 = x21 + 2x31 +O(|x1|4)}
B.3 Lyapunov
(C.1) Lyapunov
du
dt
= f(u), 0<t<∞, (B.7)
u ∈ Rn, f : Rn → Rn.
(3.1) u∗ f Rn Cr
B.3.1 Lyapunov
u∗ Lyapunov DL ⊂ Rn
DL
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B-3-1.✓ ✏
(B.7) u∗ Lyapunov DL ⊂ Rn
u0 ϕ(t,u0)
∀u ∈ DL, ∀t ∈ [T1, T2], ϕ(t,u) ∈ DL ⇒ ∀t ∈ [T1, T2]\{0}, ϕ(t,u) 6= u
(T1 ≤ 0, T2 ≥ 0)
✒ ✑
.
u0 ∈ DL T2 > 0
ϕ(T2,u0) = u0,
∀t ∈ [0, T2], ϕ(T2,u0) ∈ DL
Lyapunov
∀t ∈ [0, T2], d
dt
L(ϕ(t,u0)) < 0
L(u0)− L(ϕ(T2,u0)) < 0
T1 < 0
( )
B-3-1 (B.1)
Lyapunov
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C[14, 16, 19]
du
dt
= f(u), 0<t<∞, (C.1)
u ∈ Rn, f : Rn → Rn.
f(u∗) = 0 u∗ ∈ Rn f Rn Cr
u0 ∈ Rn t = 0 u(t)
ϕ(t,u0) ϕ(t,u0) −∞ < t <∞
ϕ(t,u0) u0
C.1
(C.1) t
C-1.✓ ✏
(C.1) 2 u1,u2 ∈ Rn
∀T ∈ (−∞,∞), ϕ(T,u1) 6= u2 ⇒ ∀T1, T2 ∈ (−∞,∞), ϕ(T1,u1) 6= ϕ(T2,u2)
✒ ✑
.
u = (u1, u2, · · · , un)T , f(u) = (f1(u), f2(u), · · · , fn(u))T (C.1)
dt
du1
f1(u)
=
du2
f2(u)
= · · · = dun
fn(u)
du1
dun
=
f1(u)
fn(u)
, · · · , dun−1
dun
=
fn−1(u)
fn(u)
ϕ(t,u0) u0
∃ T ∈ (−∞,∞),u1 = ϕ(T,u0) ⇒ ∀t, ϕ(t,u0) = ϕ(t− T,u1) (C.2)
∃T1, T2 ∈ (−∞,∞), ϕ(T1,u1) = ϕ(T2,u2)
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u˜ := ϕ(T1,u1) (C.2)
∀t1, ϕ(t1,u1) = ϕ(t1 − T1, u˜)
∀t2, ϕ(t2,u2) = ϕ(t2 − T2, u˜)
t1 = T1 − T2, t2 = 0
ϕ(T1 − T2,u1) = ϕ(0,u2) = u2
∃T1, T2 ∈ (−∞,∞), ϕ(T1,u1) = ϕ(T2,u2) ⇒ ϕ(T1 − T2,u1) = u2
∀T ∈ (−∞,∞), ϕ(T,u1) 6= u2 ⇒ ∀T1, T2 ∈ (−∞,∞), ϕ(T1,u1) 6= ϕ(T2,u2)
( )
C.2
u∗ (C.1) f(u∗) = 0
du∗
dt
= 0
u∗
C.2.1
C-2([14, 16]).✓ ✏
ε > 0 δ > 0
||u− u∗|| < δ ⇒ ∀t > 0, ||ϕ(t,u)− u∗|| < ε
u∗ (Lyapunov )
u∗
||u− u∗|| < δ ⇒ lim
t→∞
||ϕ(t,u)− u∗|| = 0
u∗
✒ ✑
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C.2.2
(C.1) f (C.1)
du
dt
= Au, A ∈ Rn×n
u∗ = 0
1. A λ
Re(λ) ≤ 0
u∗
2. A λ
Re(λ) < 0
u∗
3. A
Re(λ) > 0
u∗
A
C.2.3
(C.1) u∗ Df∗
dv
dt
= Df∗v, v ∈ Rn, Df∗ ∈ Rn×n (C.3)
1. (C.3) v∗ = 0 (C.1) x∗
2. (C.3) v∗ = 0 (C.1) x∗
(C.3) Df∗ λ
Re(λ) = 0
70
(C.1)
Df∗ 0 u∗
Df∗ 0 u∗
Df∗
3
1.
u∗
D x ∈ D
lim
t→∞
||ϕ(t,x)− x∗|| = 0
D
2.
u∗ D x ∈ D
lim
t→−∞
||ϕ(t,x)− x∗|| = 0
3.
( )
C.3
C.3.1
(C.1) u∗ t → ∞ u∗
t→ −∞ u∗
71
C-3-1([18]).✓ ✏
u∗ W s :
W s(u∗) = {u0 | lim
t→∞
ϕ(t,u0) = u
∗}
u∗ Wu :
Wu(u∗) = {u0 | lim
t→−∞
ϕ(t,u0) = u
∗}
u∗
✒ ✑
u∗ Df∗
u∗ Df∗
u∗
dim(W s(u∗)) = n+, dim(Wu(u∗)) = n−,
n+ : Df∗ ,
n− : Df∗ ,
n+ + n− = n
u∗ n u∗
n+ n−
C.3.2
(C.1) u∗1,u
∗
2 2
t→ ±∞ u∗1
t → −∞ u∗1 t → ∞ u∗2
C-3-2.✓ ✏
(C.1) 2 u∗1,u
∗
2 u
∗
1 W
s(u∗1)
Wu(u∗1) u
∗
2 W
u(u∗2)
Who :
Who = W s(u∗1) ∩Wu(u∗1)
Who 6= ∅ Who u∗1
Whe :
Whe =Wu(u∗1) ∩W s(u∗2)
Whe 6= ∅ Whe u∗1 u∗2✒ ✑
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C.3.3
(C.1) u = 0
(C.1) u = 0
• n+
• n−
• n0 0
n = n+ + n− + n0 0 n0
Tc
C-3-1([17, 19]).✓ ✏
(C.1) n0 W
c(0)
W c(0) u = u∗ Tc
W c(0) t > 0
u0 ∈W c(0)⇒ ϕ(t,u0) ∈W c(0)
✒ ✑
(C.1){
x˙ = Ax+ g(x,y),
y˙ = By + h(x,y)
(C.4)
x ∈ Rn0 ,y ∈ Rn++n− A 0,B
g,h 2
ϕ(x) = O(||x||2) ϕ : Rn0 → Rn++n−
y = ϕ(x) W c(0)
73
C-3-2([16, 17]).✓ ✏
φ(0) = 0,φ′(0) = 0
φ′(x)(Ax+ g(x,φ(x)))−Bφ(x)− h(x,φ(x)) = O(||x||p) (p > 1)
||x|| → 0
ϕ(x) = φ(x) +O(||x||p)
✒ ✑
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